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Abstract-The linear amplification with nonlinear components (LINC) techniques allow a highly efficient amplification of orthogonal frequency division multiplexing (OFDM) signals, but also introduce nonlinear distortion. For this reason, it is important to study the impact of this distortion in the performance of OFDM schemes. Usually this impact is studied by taking advantage of the Gaussian nature of OFDM signals and using intermodulation products (IMP) tools. However, this approach suffers from complexity and/or even convergence problems especially when the nonlinearities are severe, as is the case LINC nonlinearities.
In this work we define equivalent nonlinearities that can be employed to substitute the conventional LINC nonlinearities, but that lead to signals with the same spectral characterization. We then use these equivalent nonlinearities to provide accurate estimates for the power spectral density (PSD) and for the optimum performance of OFDM signals that are subjected to LINC structures. 
I. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) [1] schemes are very popular modulations due to their advantages over single carrier schemes, especially when signalling at high data rates in time-dispersive channels, due to their facility combat the fading problems without heavy equalization procedures. For this reason, they have been adopted for a large number of wireless communications standards such as the long term evolution (LTE) [2] , digital video broadcasting (DVB) [3] and wireless local area networks (WLANs) [4] . However, it is well known that they suffer from severe amplification problems due to the high peak to average power ratio (PAPR) of their signals, which constitutes an important drawback. To reduce the nonlinear effects in the transmitted signals that cause both in-band and out-of-band distortion, large input backoffs must be adopted, which substantially reduces the amplification efficiency. To solve this problem, many techniques that aim to mitigate the high PAPR of OFDM signals have been proposed in the last years [5] . Nevertheless, depending on their nature, these techniques can introduce complications as nonlinear distortion, increased complexity and lower useful data rates. Between these techniques, the most simple and efficient are the clipping techniques [6] , [7] . However, they introduce nonlinear distortion effects in the transmitted signals. Additionally, even with these techniques, the use of grossly nonlinear, low cost power amplifiers is precluded since these amplifiers require input signals with a PAPR of 0 dB or almost 0 dB to avoid severe nonlinear distortion effects. A highly efficient, nonlinear amplification technique is proposed in the constant envelope paired burst OFDM (CEPB-OFDM) techniques [8] , but at the expense of half of the spectral efficiency. As alternatives, we have the linear amplification with nonlinear components (LINC) techniques [9] - [11] that also allow the use of highly efficient, nonlinear power amplifiers. However, due to their nature and due to the existence of phase and/or gain imbalances between the two power amplifiers, these techniques also introduce nonlinear distortion effects in the transmitted signals, being important to characterize them to obtain the correspondent performance degradations. Usually, the theoretical characterization of nonlinearly distorted OFDM signals is made under a Gaussian approximation for the OFDM signal as in the approaches of [12] - [14] , that provide accurate time and frequency-domain characterizations. However, their accuracy is related to the computation of a large number of intermodulation products (IMPs), which brings both complexity and even convergence issues, especially when severe nonlinearities are taken into account, as is the case of the ones associated to LINC techniques. For this reason, we consider the approach of [15] for the analytical characterization of OFDM signals that are subjected to LINC transmitters. This approach involves the creation of an equivalent, polynomial nonlinearity that can substitute the nonlinearity associated to the LINC operation, but that leads to signals with the same spectral characterization. We then use this equivalent nonlinearity to easily obtain accurate power spectral density (PSD) estimates. In addition, following the results of [16] - [18] , that indicate that there are performance gains associated to the optimum detection of nonlinearly distorted OFDM signals, we also use these equivalent nonlinearities to study the optimum performance of OFDM schemes with LINC transmitter structures, and we show that their performance can be even better than the performance associated to the conventional, linear OFDM schemes.
II. LINC TRANSMITTER ARCHITECTURE
The LINC transmitter considered here is depicted in Fig. 1 . We study OFDM signals that carry N quadrature phase shift keying (QPSK) data symbols that are represented by the set {S
This block is then augmented with N (M 1) idle subcarriers so as to simulate an oversampling operation by a factor of M , leading to the block {S k ; k = 0, 1, ..., NM 1}. By applying an inverse discrete time Fourier transform (IDFT) to {S k ; k = 0, 1, ..., NM 1}, we obtain the time-domain samples of the corresponding OFDM symbol {s n ; n = 0, 1, ..., NM 1}. When N is high, these samples have Gaussian nature and can be modelled by s ⇠ N (0, 2 ), whose the variance is 2 = 1/(NM 2 ). The absolute values of these samples are represented by the block {r n = |s n |; n = 0, 1, ..., NM 1} and can be modelled by a Rayleigh random variable r ⇠ R( ). To perform the LINC decomposition, the set {s n ; n = 0, 1, ..., NM 1} is submitted in parallel to the nonlinear functions f 1 (s n ) and f 2 (s n ) to form the blocks {s n,1 = f 1 (s n ) exp(j arg(s n )); n = 0, 1, ..., NM 1} and {s n,2 = f 2 (s n ) exp(j arg(s n )); n = 0, 1, ..., NM 1}, respectively. The nonlinear function that characterizes the ith branch is defined as
where f c (r n ) represents the envelope clipping function with clipping level s M , i.e.,
and f e (r n ) is defined as
At the output of these nonlinearities, we have |s n,1 | = |s n,2 | = s M /2, i.e., the signals in both branches have a constant envelope. In these conditions, {s n,1 ; n = 0, 1, ..., NM 1} and {s n,2 ; n = 0, 1, ..., NM 1} can be submitted to grossly nonlinear power amplifiers. If we assume that the two amplifiers are linear along the dynamic range of the input signals, they can be solely characterized by the complex gain coefficients G 1 and G 2 , respectively. Further, the LINC block can also be seen as a single, "total" nonlinearity characterized by the function
Ideally, these coefficients should be equal. However, they can present both gain imbalances (when |G 1 | 6 = |G 2 |) and/or phase imbalances (when arg(G 1 ) 6 = arg(G 2 )). To take into account these imbalances, we define the complex gains as follows
and
where G and are the gain and the phase imbalances, respectively. Noting that
and defining
. ( figure, it can be noted when = +10 the nonlinear characteristic is very different than when = 10 , which means that different levels of distortion are expected. It is also important to note that if the amplifiers are balanced, i.e., G = 0 and = 0 , we have f (r n ) = 2f c (r n ), and the LINC operation reduces to a conventional envelope clipping.
The Gaussian nature of OFDM signals allows to use the Bussgang's theorem [12] that states that a nonlinearly distorted Gaussian signal can be expressed as the sum of uncorrelated useful and distortion components. Thus, the OFDM signals at the LINC output {y n = f (r n ); n = 0, 1, ..., NM 1} can be divided according the following equation
where the scale factor ↵ is obtained as
At the reception, a discrete Fourier transform (DFT) brings the block {y n ; n = 0, 1, ..., NM 1} back to the frequencydomain, resulting {Y k ; k = 0, 1, ..., NM 1}. The conventional approach to obtain the spectral characterization of the OFDM signals at the LINC output is to employ an IMP analysis [13] , [14] that make use of the Gaussian nature of OFDM signals. In these approaches, the PSD of the nonlinearly distorted signals {G y,k ; k = 0, 1, ..., NM 1} is computed by taking the DFT of the autocorrelation at the output of a given nonlinearity f (r), that is given by
where {R s,n ; n = 0, 1, ..., NM 1} is the autocorrelation of the input signal {s n ; n = 0, 1, ..., NM 1}, and P 2 +1 is the power associated to the IMP of order 2 + 1
with L (1) (·) denoting the Laguerre polynomial of degree and p(r) denoting the Rayleigh distribution. Fig. 3 shows the PSD associated to OFDM signals that are subjected to a unbalanced LINC operation. The PSD was obtained both by simulation and theoretically considering the DFT of a truncated version of (13) (13) is truncated to the first n = 5 IMPs, the theoretical and simulated PSDs do not match. In fact, a good accuracy can only be obtained when a high number of IMPs is taken into account, as when n = 18 IMPs are considered. This requirement for a large number of IMPs is related to the "smoothness" of the nonlinearity. The unbalanced LINC transmitter is characterized by a severe nonlinearity that cannot be approximated by a small number of polynomial terms, which increases the complexity of the analytical approach proposed in [13] , [14] , that can also present convergence issues, even when very high values of n are considered.
III. EQUIVALENT NONLINEARITIES Due to the complexity and convergence problems mentioned in the last section, we propose to make the characterization of the OFDM signals at the output of the LINC block by using the analytical approach proposed in [15] . Basically, the nonsmooth characteristic associated to the LINC operation (see (4)) can be substituted by an equivalent, polynomial nonlinearity that has low degree, but that leads to signals with the same spectral characterization of the ones distorted by the LINC transmitter. The idea behind the equivalent nonlinearity is to make use of the fact that the frequency-domain distribution associated to a given IMP becomes flat as higher is the order of that IMP. For this reason, the effect of the IMPs from a given order max can be solely concentrated in the IMP of order max . To obtain an equivalent nonlinearity g(r), we start by defining its IMPs as P
for = max and P 
With these coefficients and the IMPs of the equivalent nonlinearity, we can derive polynomial coefficients {T ; = 0, 1, ..., max } that should assure that {⌫ 
IV. PERFORMANCE RESULTS
In this section we present a set of performance results considering the use of equivalent nonlinearities to substitute the non-smooth characteristic of the LINC nonlinearity (see (4) . We define an equivalent nonlinearity to substitute the real part of the LINC function f I (r), and another equivalent nonlinearity to substitute the imaginary part f Q (r).
A. Spectral Characterization
The estimates of the PSD can be obtained by the DFT of the autocorrelation associated to the equivalent nonlinearities of the real and the imaginary parts, g I (r) and g Q (r), respectively, i.e., Fig. 4 shows the PSD associated to OFDM signals subjected to a imbalanced LINC operation. The PSD was obtained both by simulation and theoretically considering a truncated version of (13) with n = 8 IMPs and (16) the theoretical PSD obtained with the truncated IMP approach do not match even when n = 8 IMPs are considered, and the error can reach a value about 5 dB in the band edges. However, when equivalent nonlinearities are considered, the theoretical PSD is almost equal to the simulated PSD, with a maximum error of approximately 1 dB, which means an accuracy gain of about 4 dB.
B. Optimum Performance
Due to their amplification problems, it is very common that OFDM signals are nonlinearly distorted in the transmission chain. At the reception, the nonlinear distortion is usually seen as a noise term that prejudices the signal-to-noise ratio (SNR) and, consequently, degrades the bit-error-rate (BER). To overcome this problem, receivers that try to estimate and eliminate this distortion were proposed [19] . However, they have a poor performance, especially when the SNR is low.
More recently, it was shown that the nonlinear distortion is not a noise term and can even provide information about the transmitted signals that can be used to improve the performance of OFDM schemes if optimum receivers are adopted [16] - [18] .
In ODFM systems with LINC transmitter structures, the transmitted signals are nonlinearly distorted due to the existence of a clipping operation and also due to the imbalances of each amplifier. For this reason, it is important to study the existence of potential gains associated to the optimum detection. Although the optimum performance is very difficult to obtain due to the high complexity involved, the asymptotic performance can be studied by evaluating the average value of the Euclidean distance between two nonlinearly distorted sequences [17] , [18] . However, the analysis of [17] , [18] is not directly applicable due to the severe nature of the nonlinearities associated to the LINC techniques. Therefore, we substitute them with their equivalent representations and then apply the approaches of [17] , [18] .
An approximation of the optimum performance can be obtained by computing the pairwise error probability (PEP). This probability is related to the Euclidean distance between two signals of the transmission set. Let us consider the LINC output signals {Y (1) k ; k = 0, 1, ..., NM 1} and {Y (2) k ; k = 0, 1, ..., NM 1}, associated respectively to the original OFDM sequences {S (1) k ; k = 0, 1, ..., NM 1} and {S (2) k ; k = 0, 1, ..., NM 1}, that differ in only one bit. The squared Euclidean distance between the two nonlinearly distorted signals is
The asymptotic gain relative to linear OFDM schemes is defined as
where E b is the average bit energy. The theoretical average squared Euclidean distance between two OFDM signals distorted by a given nonlinearity f (r) = A(r) exp(j⇥(r)) can be obtained as [18] 
As we define two equivalent nonlinearities, one for the real and another for the imaginary part of f (r), the average asymptotic gain is divided into two components (that can be obtained by substituting f (r) = A(r) exp(j⇥(r)) by g I (r) and g Q (r) in (19)), i.e., clearly shows that when the conventional LINC nonlinearity is considered the theoretical gain obtained with (19) is very different from the simulated gain. However, when equivalent nonlinearities are considered, the theoretical gain matches with the simulated gain with a maximum error of 0.2 dB in the worst case, i.e, when = ±10 . accurate results. Additionally, from the figures 5 and 6 it can be noted that the optimum detection of OFDM signals distorted by LINC transmitters provide considerable gains relatively to the conventional detection of linear OFDM schemes.
V. CONCLUSIONS
In this paper we define equivalent nonlinearities that can substitute the conventional LINC nonlinearities but that lead to signals with the same spectral characterization. We show that these equivalent nonlinearities can be used to accurately obtain the PSD and the optimum asymptotic performance of OFDM signals subjected to LINC transmitter structures.
